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ABSTRACT

The central problem in multitarget, multisensor surveitlais that of determining which reports from separate gsrstse
from common objects. Due to stochastic errors in the sowaperts, there may be multiple data association hypotheses
with similar likelihoods. Moreover, established methods performing data association make fundamental modeling
assumptions that hold only approximately in practice. F@sé reasons, it is beneficial to include some measure of
uncertainty, or ambiguity, when reporting associationiglens. In this paper, we perform an analysis of the benefits
versus runtime performance of three methods of producirgjguity estimates for data association: enumeration of the
k-best data association hypotheses, importance sampliggMarkov Chain Monte Carlo estimation. In addition, we
briefly examine the sensitivity of ambiguity estimates tolations of the stochastic model used in the data assogiatio
procedure.

Keywords: Multitarget tracking, data association, importance samgpIMarkov Chain Monte Carlo, Murty’s method,
k-best enumeration

1. PROBLEM OVERVIEW

The central problem in multitarget, multisensor surveidla is that of partitioning sensor reports into sets of ola@ns
that most likely originated from the same truth object, usrsbservations that most likely were produced by clutter.
Let Z, = {sz i £, denote a sequence of noise-contaminated measurementspdoby a sensor at timeg, and let
ZM = {7, }M | denote the data from/ sensor scans, potentially from multiple sensors. The akd#ita association
problem in multitarget, multisensor data fusion can be galyeposed as (cf. Poote

= argmax ) ==
Hen. L HOD HOM) = Br(H, [ZM)

1)
whereH denotes a partition of the data into tracks and false alaffgsienotes a reference partition in which all reports
are declared to be false alarnts,, denotes the set of all feasible partitions of the dat4, and H* denotes the optimal
partition. Since the number of partitions, data association hypothes@gows exponentially with the number of frames,
online solution of the association problem typically reggisome form of approximation. This leads to multiple-feam
processing, in which data association hypotheses are avadak within a sliding window ofV < M data frames. To
obtain the best data partition at the front of the window far turrent frame, one needs to solve(ah+ 1)-dimensional
assignment problem. Isingle-frametracking systems, association decisions are based onftirenition from a single
frame of data, i.e.N = 1; thus, the single-frame approach requires the solutiontwbadimensional assignmeptoblem
and maintains only a single data association hypothesidtiove.

Typically, when evaluating the likelihood ratio (1), oneeasa negative log-likelihood score insteady ;) :=
—In Ly (ary. This implies
Pr(H |ZM) = e non0pPr(H, |ZM), (2)

which gives therobability of a hypothesias a function of its cost and the probability of the null hyypesis.
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2. AMBIGUITY ASSESSMENT

Although multiple hypothesis trackers can maintain marigrahtive data association hypotheses, track reportsdvoul
typically be generated using the best hypothésisst as each track report includes both a state estimatecamceapond-

ing state covariance matrix, it is beneficial to provide aseasment of data association ambiguity along with the best
association hypothesis.

We begin by defining the concept of ambiguity within the cahtef multiple hypothesis tracking as introduced by
Gadaleta et al.Let H, = {H,, H,, ..., H_} denote the ranked set of all possitieframe data association hypotheses
at theM -th time frame, such thdt, is the “best” solution returned from the assignment soligrihe “second-best”, and
so forth, wherev = |H ;| denotes the cardinality of the hypothesis space. Then dbative log-likelihood costs of these
hypotheses are ordered according to

ey, (M) < cp, (M) < ... < cu_(M), ©)
and, within theN -frame hypothesis space,
> Pr(H,|ZM) =1. (4)
i=1
Therefore, we can use Equation (2) to obtdin
ay  Pr(H;|ZM) Pr(H,;|Z™M) e—o, (M)
> i1 r( i ) Soye

which gives theprobability of a hypothesis in terms of its cest(M).

The probabilities P(Hi \Z M) of the N-frame data association hypotheses are directly relatéuetdy-frame prob-
abilities of the data assignments as shown next. For exarfggla measurement-to-track association problemp et
denote theprobabilistic data association evetitat measurement; associates with track; within sensor data framg,.
Then, the exaclV-frame* probability P(hijk) of this event is given by

Pr(hy,) = > Pr(H|ZM), (6)
Henik
whereH%"* C H,, denotes the subset of those data association hypothesethiecsetH , that postulate the event,,.
The assignment probability Ehrijk) serves as a measuredzta association uncertaintyr ambiguity If Pr(hijk) < 1,the
tracking system estimates that there is a nonzero probgthidit the corresponding association from the best saluipis
incorrect. However, to compute the assignment probatﬁlﬁtyijk), we need to find all those data association hypotheses
in which the event, ;, is postulated. Although current combinatorial algorithems capable of finding the optimal data

association hypothesis with negligible computationabeffthe size ofh(%’C can become enormous for complicated sce-
narios; thus, it may be computationally impractical for ahyorithm to explicitly enumerate all “reasonable” hypeshs.
For this reason, in the sequel we describe and assess seathalds for estimating data association ambiguity.

Section 2.1 introduces the most straightforward approadiest enumeration, which approximates association proba-
bilities using only the: hypotheses with the greatest probability mass. Since timpuatational effort required to generate
each hypothesis using ttiebest method is relatively high, we also consider two stetitb&stimation methods. In Section
2.2, we formulate a general framework for using Monte Cartthrads to estimate association probabilities, then sfieeia
this framework to Markov Chain Monte Carlo methods in Set@id3 and importance sampling in Section 2.4. Section 3
is devoted to a comparative analysis of these three methddsg, Section 4 summarizes the results.

2.1 Ambiguity Estimation Using k-Best Enumeration

Estimation of association probabilities usikdpest enumeration is straightforward: To approximate fitenal solution to
Equation (1), a multiple hypothesis tracking system diyeoiaintains a sel-(va C H, of kps “complete” data association

hypothesed?, € Hf\,M, i =1,...,kp attimet,; within a sliding window of data frames.

*Note that theV-frame probabilities are approximations of the fdl-frame probabilities foiV < M.



In the following, letH% = {H,, H,, ..., H,  } denote the set df,, rankedsolutions at time ;. Then, as long as
ks is sufficiently large, Equation (5) can be approximated by

M e*CHi(I\l)
Pr(H,; |z") ~ W (7
e
Note that (3) implies
Pr(H, |ZM) > Pr(H,|Zz™) > ... > Pr(H,,, |Z2"), (8)

meaning that (7) includes thig,; hypotheses with the highest probability.
As stated by Poppjt may be necessary to “shift” the costs in (2) for numeritabsity:

e CH, (M)+cs

MY _
Pr(H,; |Z") = S, (M)+es (©)
j=1
where a possible choice for the cost shiftis= cy, . Using the approximation (7), the individual associatioolabilities
(6) can be estimated using
Pr(hg)~ Y. Pr(H|zM). (10)

ijk kv
HeHJ"NMHY

It is important to note that the-best method is not “compelled” to computdull hypotheses; indeed, if no hypoth-
esis with nonnegligible probability remains after the< k best hypotheses have been generated, the method can halt
processing. This capability can sometimes result in sicanifi reduction in computational effort.

2.2 Monte Carlo Ambiguity Estimation

As mentioned at the beginning of Section 2, for tracking aces with large numbers of densely-spaced objdetsest
enumeration typically cannot generate a number of hypethssfficient to compute accurate association probabkiiitie

a reasonable amount of time. For these situations, we aemsia stochastic algorithms: Markov Chain Monte Carlo
sampling and importance sampling. Since both methods &awaases of Monte Carlo estimation, we precede their
introduction with a short exposition on the use of Monte Ganethods for ambiguity assessment.

Consider the problem of evaluating the expectation
Bl = [ (@i, an)
x€

whereX is a random variable defined on the spatand distributed according to the probability functignE[-] denotes
the expectation operator, apds some function of interest. Thétig(X )] can be estimated by generating a random sample

{X1, X, ..., X, } fromp and computing the empirical averdge
3= 13 gt (12)
n — — Ti),
g n g

where the lower case letters denote a realization of theorarsdmple. If£[g(X)] < oo, the Strong Law of Large Numbers
guarantees
lim g, = Elg(X)]. (13)
Ambiguity assessment can be accommodated within the framkesf Equations (11) — (13) by identifying «— H
andX < H, choosing PfH|Z) as the probability function foff, and settingy(H ) = I,;(H ), where

1, ifh;, € H,
0, otherwise

Lije(H) = {



Then,

1 n
Pr(hy.) = Bl (H)] ~ - Z Lijr (H ), (14)
=1
where the random samplé{,, ..., H,, } is generated from PH|ZM).
The difficulty now becomes the problem of generating samfotes
wy _ p(H,ZY)
Pr(le ) - p(ZA{) ’ (15)

an issue complicated by two factors. First, thoygtf, Z*') can be computeip (Z*) cannot be computed directly
with reasonable computational resources. Second, ev&B)itpuld be computed, drawing samples from this distriuti
would remain nontrivial. Nevertheless, there are methodgable for solving this problem. Two such methods, Markov
Chain Monte Carlo (MCMC) sampling and importance sampliis,(@appear to be suitable for the problem of ambiguity
estimation. In the following, we describe these methods aswtss their performance within the context of ambiguity
assessment as expressed in Equation (14).

2.3 Markov Chain Monte Carlo Ambiguity Estimation

Recently, some authdr$ have begun experimenting with the use of Markov Chain MoraddC(MCMC) methods for
multitarget tracking. As we shall see, the primary advaa@ig/CMC is the ability to generate samples from fairly arbi-
trary probability distributions; however, the sampleseyated are strongly correlatéd*which significantly complicates
convergence analystsNevertheless, due to the inherent limitations of ambigestymation using:-best enumeration, we
wish to evaluate the MCMC method’s potential for enhancimipiguity assessment in difficult tracking scenarios.

2.3.1 Markov Chains
Given a large (finite) se® of combinatorial structures (e.g., the space of all data@ason hypotheses), a sequence of
random variable$ Xy, X1, Xo, ...} defined o2 is called aMarkov chainif

PriXpt1=2|Xpn=2n,...,Xo0=20) =Pr(Xpq1 =2|Xn=2,), z€Q,

wherez,, € Q) denotes a realization of,,, n = 0,1, 2,.. .; thus, a Markov chain is characterized by the condition, that
given the current state, all future states are conditigriatiependent of the prior states. Lgi(z) = Pr(X,, = =) denote
the state distribution at time (step) with initial distributionpy(x). If the transition kernelT,, at timen is defined by
To(z,y) = Pr(Xp41 =y|Xn =z), 2,y € Q, then by the total probability theorem,

Por1(y) = Y pu(@)Tu(2,y).

e

A Markov chain is callechomogeneous the transition probabilities do not depend on time; th&tli, = T, Vn. The
distribution () is stationarywith respect to the Markov chain with transition proba@ktT, (z, y) if for all n,

() = 3 w(@)Tu(a,p).
€N

A homogeneous Markov chain is said toilreducibleif there is a positive probability of moving from any statéo any
other state in a finite number of time steps, i.&/.x,y € Q, 3n = n(z,y), such thaf™(z,y) > 0. Theperiodof a state
x € Qis defined ag(z) = ged{n > 1| T"(z,z) > 0}'. The Markov chain is calledperiodicif d(x) = 1, Vz.

Thedetailed balance conditioholds for a homogeneous Markov chain if there is a distrdyuti(«), such that for all
statesx,y € (,

m(y)T(y, x) = (z)T (x,y).
Note that the detailed balance condition impli€s) is a stationary distribution, since

w(y) =7(y) Y Tly.2) =Y wy)T(y,z) = Yy m(@)T(z,y).

e zEQ zEN

fged £ greatest common divisor



Algorithm 1 Metropolis-Hastings Algorithm
Given: m,z € Q, N >0
1. forn=1to N do
2. Select candidate stagec 2 from the proposal distributioq(y|z).

3:  Sampleu fromU(0, 1].

4 ifu<a(:v,y):min{1 W}then
5: Setx = y.

6: else

7 Setz = z.

8: endif

9: end for

2.3.2 The Metropolis-Hastings Algorithm

MCMC can be used when one desires to sample from a distribaticmown only up to a constant factor, i.e.= 7*/C,
wherer* is known, but the constaidt is unknown or difficult to compute. Note that this is the sfio@ in the multitarget
tracking problem, where one must evaluate probabilitighefform (15), and the unknown normalizing constar®'is=

P (ZM). MCMC operates by constructing an aperiodic and irrededitarkov chain that has the distribution of interest
as its unique stationary distribution, then sampling frai thain as described below.

The most popular method in the tracking literature for gatieg a Markov chain with the desired characteristics is the
Metropolis-Hastings algorith & 12described in Algorithm 1. Given the current states ), acandidate statey € Q is
chosen according to proposal distributiong(y|x). The proposed statgis accepted only if the value of the acceptance

function (w)a(aly)

. TYy)\r\y

a(z,y) = min {1, T@)awlo) } (16)

is greater than or equal to a numhedrawn uniformly from the interval0, 1]. If y is rejected, then the chain remains
in the current state. In this manner, every proposed state witty)q(z|y) > 7(z)q(y|z) is accepted, while any other
proposal withr (y)q(x|y) < 7(x)q(y|x) has probablhtyM of being accepted. This second condition is designed to
keep the chain from getting “stuck” at a local optlmum 50# x, the resulting transition kernel, derived by multiplying
the probability of proposal with the probability of accepta, is given by

T(z,y) = q(ylz)a(z,y) = min {Q(ylx), %Q(wly)}-

Thus, as can be seen by

)T (3.2) = () min {a(ely), T atole) | = n(oymin { Tt a(yle) | = ()T o)
7(y) ()

the inclusion ofg(y|z) in (16) ensures that the detailed balance condition Rpldganing thatr(z) is stationary for the
Markov chain. Since aperiodicity is guaranteed by the aeree function, if the proposal distribution can be cortrd
in such a way that the Metropolis-Hastings Markov chain saitreducible, then as noted by Robert and CaSetle
satisfaction of the aperiodicity and irreducibility cotidns implies that a sequence produced by the Metropolisihtgs
algorithm can be employed as an independent identicaltsildised sample fromr(x), with convergence of the empirical
average of the chain guaranteed by the ergodic theérEithat is,

Jim Z 9(Xi) = Elg(X)], 17)
where{ X1, X1, X», ..., X, } is a sequence of random variables produced by the Metrepalstings Markov chain.

¥Note that the detailed balance condition always holds fettéansition fromz to itself.



Algorithm 2 Proposal Distribution for MCMC Testing

Given: Current hypothesi#l, wheren. = |Dom(H )| denotes the number of hypothesized common objects.
1: if n. = 0then
2:  Add arandom association.
else ifn, = min {ny,ns} then
Selectu € U(0, 1].
if u< 1 then
Delete a random association.
else
Perform a random swap.
end if
10: else
11:  Selectu € U(0, 1].
12:  if u < £ then

13: Add a random association.
14:  elseif: <u < 2then

15: Delete a random association.
16: else

17: Perform a random swap.

18: endif

19: end if

2.3.3 Estimating Association Probabilities Using MCMC

If we can use the Metropolis-Hastings method to constructaakiblv chain that converges to (Pf|Z*), then we can
draw sample hypothesdd1,, H,, H,, ...} from this chain and, according to (14), estimate the indigidassociation
ambiguities using

Nijk
Pr (hijk) ~ N—]\;C’
whereN ;¢ is the total number of samples drawn, akg,, is the number of sampled hypotheses that postulate the event
h;;i.- Itis important to note that indexes thesamplechypotheses here; thus, in contrast to the situation of Geetil,

the hypotheses drawn from the simulated Markov chain aremtered; that isf,, is not necessarily “better” thaH,, ,

for anyn.

(18)

To simplify our experimental analysis in Section 3, we cdeséd a two-source track-to-track association problem,
rather than the more typical measurement-to-track probl&or this scenario, our previous results can be applied by
choosingM = 2, whereZ; denotes a set of; tracks from the first source, arit} is a set ofn, tracks from the second
source. Hypotheses are considered to be bijective mapfimmgssubsets of 1, . .., n; } onto subsets of1, ..., n.}. For
this problem, we used an MCMC proposal distributigitf | H ) that constructs a proposal hypotheHisrom the current
hypothesisH by altering the set of associations ih in one of three ways: addition, deletion, or swap. For antamdi
we select uniformly at random one indéx {1,...,n;} \ Dom(H) and one inde¥ € {1,...,na} \ Rng(H), initialize
a proposal hypothesi# with H = H, and setf](z’) = j. For a deletion, we select uniformly at random one index
i € Dom(H), initialize a proposal hypothesi§ with I = H, and remove the chosen association by removifigm
Dom(H) andH (i) from Rng H). For a swap, we select uniformly at random two indiegs, € Dom(H), initialize a
proposal hypothesi#l with H = H, and swap the associations by settiigi,) = H (i2) andH (iy) = H (i1).

The proposal distributioq(mH) is described in detail in Algorithm 2. Note that the algomittmust handle two
special cases. In the case that the current hypothesisiatestmo associations, a deletion or swap is not possibleand
addition must be proposed. If all tracks from either sour@eehbeen associated in the current hypothesis, an addition i
not possible and either a deletion or swap must be proposeallyin the typical case in which some, but not all, tracks
from each source have been associated, the algorithm iofprepose at random an addition, deletion, or swap.



Column
Hypothesis| Assignments| Cost| Probability

H, 3,2,1) | —70 ~0.5
H, (0,2,3) | =70 ~0.5
H, (2,0,3) | =55 | 1.53x 1077
H, (0,2,1) | =55 | 1.53x 1077
H, (3,2,0) | —50 | 1.03 x 1079

Hg (2,0,1) —40 | 4.70 x 10714
Table 1. Column assignments for théest hypotheses corresponding to the cost matrix of Eouéti9). For example, the assignment
(3,2, 1) indicates that Columi was assigned to Ro&, Column2 to Row2 and Column3 to Row1. A ‘0’ indicates an unassigned
column.

2.3.4 On the Difficulty of Constructing Appropriate Proposal Distributions

We note that although (17) guarantees convergence in ttieoiyeducible, aperiodic Markov chains, this does notrgua
antee efficient sampling in practice. Consider the costimatr

00 oo —20
C=1| -20 -35 -—15 |, (29)
—15 oo —35

which might occur after gating for two sets of reports in adgptracking scenario, whef@;; is the cost of assigning report
1 from the first set with reporf from the second set, and the cost of not assigning a repogt@s(mot shown in matrix).
There are onlyl5 hypotheses with cost less than infinity for this problemhwiite best two solutions consuming nearly
all of the probability mass. The hypotheses with nonnelglgprobability are listed in Table 1. Thebest algorithm can
easily enumerate all solutions, resulting in the exact goibj matrix

0.0 0.0 ~0.5
A=1] ~00 ~10 0.0
~ 0.5 0.0 ~0.5

)

whereA;; = Pr(h,;) is the probability of assigning reparrom the first set of reports with repgitrom the second set.

In contrast, regardless of initial hypothesis and despitegi 0° Monte Carlo samples, the ambiguity matrix returned
by the MCMC sampler of Section 2.3.3 reflects exactly one efttvo best hypotheses depending on initial seed:

0.0 0.0 1.0 0.0 0.0 0.0
A;= (00 1.0 0.0 or Ay = (0.0 1.0 0.0},
1.0 0.0 0.0 0.0 0.0 1.0

whereA; corresponds td{,, andA, corresponds tdf,. Upon examination of the probable hypotheses and the pabpos
distribution from Algorithm 2, it becomes clear why this 3. SOnce the chain has reached eithgror H,, a situation
that always occurs during the MCMC burn-in period, the cleasfdeaving that hypothesis becomes remote. For example,
if the chain is inH,, the shortest sequence b, requires a transition througt,. Since theH, to H; has an acceptance
probability on the order of0—?, we would on average need abaof Monte Carlo samples before accepting this deletion.

Clearly, the problem described in this simple example cazilsemvented by employing a more sophisticated proposal
distribution? 12however, additional complexity generally implies more guitational effort and, since both the proposal
distributiong(H |H) and its inverse(H |H) must be computed, such an approach would be more difficukesiyd and
implement. It should also be noted that as the complexiti@tissignment problem increases, one can expect more™traps
like the one in our simple example, requiring more sophaséid (and slower) proposal distributions.

¥Note that the ambiguities do not sum to unity across someeafaivs and columns due to positive probability that the rosotumn
remains unassigned.



2.4 Ambiguity Estimation Using Importance Sampling

While Markov Chain Monte Carlo methods provide a generahfra/ork for sampling from a (nearly) arbitrary probability
distribution, the estimation of quantities computed frdra sample may suffer from slow convergence due to the inheren
correlation between MCMC samples. A somewhat less genegttiod that utilizes independent samples is importance
sampling>1*

Consider again the problem (11) of evaluating the expextati

Elg()) = [ gloip(a)ds, (20)
reX

where the probability distributiop(x) is too complex to be sampled from directly but can be comptdedithin a

multiplicative constant; that im(xz) = p*(z)/C,, wherep*(z) can be computed. Assume now the existence of another

probability functiong(z), from which independent samples can be generated easilywhith can also be evaluated to

within a multiplicative constant; that if(x) = ¢*(z)/C,, whereg*(z) can be computed. If the supportfs contained

in the support of;, then

p(x)
Elg(X :/ x)—=q(x)dz, 21
[9(X)] mexg( )q(x) (z) (21)
andFE[g(X)] can be estimated by drawing a random sample fg6) and computing
o = — En (i )w; (22)
gn = D g\T;)Ws,

i=1

n

with weightsw; = p*(x;)/q* (x;), andw,, = Y. ; w;. Similar to (12), the empirical average (22) convergeB'fg(X )]

by the Strong Law of Large Numbe?dn principle, any distribution that meets the above crit@an be used as a sampling
distribution, but not all distributions will be equal in tas of convergence rate. Generally, distributions that ianédas to
the target distribution but have “fatter tails” are pretae

For the two-source track-to-track association problentyaea in Section 3, we used an importance sampling distribu-
tion based on the assignment cost matrix; this favored ngsats with lower costs, but allowed any feasible hypothesis
be generated with positive probability. As was the case thithMCMC proposal distribution of Section 2.3.3, the impor-
tance sampling approach can encounter “traps” similaratie described in Section 2.3.4. In such cases the conwgrgen
rate can be improved by implementing a more sophisticatbditalower, sampling technique.

3. COMPARATIVE ANALYSIS OF AMBIGUITY ESTIMATION METHODS

In order to perform a comparative analysis of the three nuthaf ambiguity assessment presented in the preceding
sections, namelk-best enumeration, importance sampling, and MCMC, we densd a simple data association scenario
consisting of two sensors acquiring noisy measurementargéts distributed randomly throughout a common field of
view. Missed detections were considered, but false tawgets not simulated.

3.1 Simulation Procedure

Let Z: = {(@, F), i = 1,...,nm}andZs := {(9;,Q;), 7 = 1,...,n2} denote the set of track state reports from
Sensorsl and2, respectively. For Sensdr, &; denotes the estimated position of Tragkand P; is the corresponding
error covariance of the estimate. Likewise, for Sersag); denotes the estimated position of Trggland@); is the error
covariance of the estimate. The data association hypstspesicef comprises all bijective mappings from subsets of
the Sensot indices{1,...,n;} onto subsets of the Sensbindices{1,...,n2}. Because we wish to determine which,
if any, of the tracks from Sensdrand Senso? correspond to the same object, we seek the assignment (othegis)
H* € H for which
PI’(H*|Zl,Z2) :m}:}x PF(H|Z1,ZQ); (23)



Algorithm 3 Metrics Generation for Monte Carlo Testing

1: forn € 7 do
2. forVeSdo

3: for m =1to N, do
4: Generate a set of targets uniformly at random within a surveillance regiowvolumeV'.
5: Generate noisy estimates by Sensand Senso? of the target states.
6: Detect and generate track state reportsifork n Sensorl targets andi, < n Sensor targets.
7: Determine the optimal track-to-track assignment hypathEs using thek-best algorithm.
8: ComputeP,;”’V = Z—l wheren,. denotes the number of correct Sensassociations in the optimal hypothesis.
9: for Ae Ado
10: Compute the assignment probabilitie$/R¥) using algorithmA.
11: ComputeP}"" = nil St Pr (hi7H1(i)) for algorithmA.
12: end for
13: end for
14: ComputePy = zﬁ Zﬁml Py V' (empirical probability of correct association).
15: for Ae Ado
16: ComputeP; = ﬁ 27]:]111 PX"V (predicted probability of correct association).
17: end for
18:  end for
19: end for

that is, we seek the association hypothesis with the maxiaposterioriprobability (MAP assignment). The hypothesis
probability function is given b%/*°

~ ~ T -1, .
exp (_% (Ii_yH(i)) (H+QH(i)) (xi_yH(i)))
1/2 )

Pr(H|Zy,Z2) < |] (24)

i€Dom(H) ﬁT(l_P[l))(l_Pg))’%T (H+QH(i))’

where DonfH ) is the set of Sensdrtrack indices postulated to originate from objects tradikgthoth sensorgj is the
object density in the common surveillance region, &fgiis the probability that Sensar, k = 1,2, detects an object in its
field of view.

We simulated scenarios of various densities by generadimggts uniformly at random is-dimensional surveillance
regions of various sizes according to Algorithm 3, whdre= {k-best1S,MCMC} denotes the set of ambiguity assess-
ment algorithms7 = {5, 20} is the set of target counts usetidenotes30 uniformly distributed surveillance region sizes,
andN,, is the number of Monte Carlo simulations for each configoratiThe settingsv,,, = 2000 andN,,, = 500 were
used for theb-target and20-target scenarios, respectively, with a smaller numberaoffdes used in the second case to
keep total runtime manageable. In order to simulate a langge of possible operating conditions, the smallest silaxee
region measuretil)0 meters on a side, while the largest meas@@i0 meters on a side. The reported error covariances
were assumed to be normally distributed with a standarcdatiewi of 100 meters in each dimension, and the probability of
detection was set dp = 0.90 for both sensorsThese values do not reflect any specific scenario, sensoacteaistics,
or multitarget tracker performance, but were chosen for panison of the proposed ambiguity estimation methods under
controlled conditions.

Since the number of nonnegligible hypotheses can be experiecrease exponentially as the target density increases
it is necessary to devise a measure of scenario densityghaimparable across tests. We chose to use the average
Mahalanobis distance (normalized by the dimension of thie sfpace) between each truth object and its nearest neighbo
This normalized target spacing was computed according to

Zmln{ —:Cj)T(P-i-Q)_l(?Ci —x5)},

JF#



whereP is the Sensot covariance() is the Sensok covariance, and; denotes the true position of Target = 1, ..., n.
Note that the dimensions of the smallest surveillance regemnsidered were equal to the sensor noise level, repirggen
very dense scenarios.

We also varied the number of samples used by our estimatimmitims for each of the test configurations presented
above. Since the computational effort required by each atkth generate one candidate hypothesis varies consigierabl
we ensured comparable runtime results by adjusting the eupftsamples used by each method for a given test configu-
ration. Generally, for a given setting bf= {100, 1000, 10000} in the k-best approach,0k importance samples ané0k
MCMC proposals were generated.

The main goal of our analysis is to assess the relative pagfoce versus runtime of the algorithms under consideration
This comparison was based on two metrics: average maximstangie from the baseline ambiguity matrix versus runtime,
and predicted probability of correct association versienado density. The first of these metrics, distance from the
baseline ambiguity matrix, was computed simply as

N,
1 m m m
N Z max{|A* - Aesttl}7 (25)
M om=1 J
where for Monte Carlo rum € {1,..., N, }, AT denotes the exact, baseling ambiguity matrix A, is theestimated

ambiguity matrix, and the maximum is taken over all entrie¢he absolute difference of the matrices. For the second
metric, the predicted probability of correct associaticaniputed in Line 16 of Algorithm 3) was compared with the
empirical probability of correct association (computed.ine 14 of Algorithm 3). For a sufficient number of Monte
Carlo runs, the empirical probability of correct assocdiatshould yield a reasonably accurate estimate of the trerage
probability that an association is correct, while the peteti probability will be a function of the accuracy of the@sation
probability estimates derived from ttebest, importance sampling, and MCMC methods.

It is important to note here that the likelihood equation2¥)is derive@ ° by integrating an equation of the form

H Jsp(@ilz)p (Jue) lv) de

Pr(H |Zy,2y) =
r(H |Zy,Z>) Br(1—Ph)Y(1 —PE) [sp(&ilx)dz [¢p (Juq)|v) do’

(26)

i€Dom(H)

whereS is the surveillance region, and&; |z) andp (9 ;) |z ) are Gaussian densities. If appreciable mags(df |z)

or p(y; |z ) exists outside ofS, Equation (24) is no longer a valid expression for (26). lis ttase, the estimate of
Pr(H |Z1, Z») for the best hypothesis can be too large (optimistic) or tonalk(pessimistic). However, if the probabilities
of the most likely hypotheses are nearly equal, the bestthgse is more likely to have an overestimate of its truegrast
probability than an underestimate of it. Therefore, beeadense scenario has (i) many targets near the boundgypoé
(i) many hypotheses with nearly equal probabilities, itshability of correct associatioR) is likely to be overconfident
when compared with the empirical resuft§ , as will be seen in Section 3.2.

3.2 Simulation Results

Using the simulation procedure of Section 3.1, we compdregérformance df-best enumeration, importance sampling,
and MCMC for estimation of association probabilities (i@mbiguity). Figure 1 displays the average maximum devia-
tion from the baseline ambiguity matrix for thietarget case. The cardinality of the hypothesis space fercdise was
1546, so the baseline ambiguity matrix could be computed exardiyg thek-best approach witk = 1546. The k-best
enumeration method (with € {100, 1000}) outperforms the Monte Carlo methods for this problem beeabe num-
ber of hypotheses with significant probability seldom exisde The importance sampling and MCMC methods appear
competitive with each other for this scenario, with the impnce sampler enjoying an advantage in accuracy.

The average maximum deviation for th@-target case is depicted in Figure 2. The cardinality of tyygothesis space
for this case was well beyond the capacity of kleest method, so the baseline ambiguity matrix was gereebst®1CMC
using10 million samples. This plot is much more interesting withprest to thek-best method. For both valuesiafk-best
enumeration performs better than the Monte Carlo methotlsthe scenario density is well below unity. Note also that

TAs in Section 2.3.4, the ambiguity matrix is defined byA,; = Pr(h;;), i = 1,...,n1, j = 1,...,n2, wheren,, denotes the
number of reports from Sensbrk = 1, 2.
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a ten-fold increase ik does not significantly change the curve for thbest method; thus, while a costly increasé: iis

not likely to improve the performance of tliiebest method for dense scenarios, AHeest method is more accurate down
to problem densities slightly below unity. For the Monte IBanethods, the importance sampler and MCMC are again
competitive, with the importance sampler again having armatage in accuracy.

Finally, it is noteworthy that for both thg-target and20-target scenarios, the Monte Carlo methods show apparent
improvement in the convergence of the estimated ambigué#irimto the baseline ambiguity matrix as the size of the
surveillance region approaches the noise level. Sincedtse hevel at this density is much higher than the averagetar
separation, no hypothesis is any more likely than anotnertlze hypothesis probabilities approach a uniform distidm,
as can be seen by examining the empirical curves of Figurar&e $he importance sampling distribution and MCMC
acceptance function are driven by relative likelihoodssthsampling methods will in effect mimic a uniform sampling
distribution, which is appropriate for this situation.

The probability of correct association is displayed in Feg8 for the20-target case. Again, the baseline curve was
computed usind0 million MCMC proposals. As was the case for Figures 1(a) afa,Zigure 3(a) corresponds to a
setting ofk = 100; however, Figure 3(b) usds = 10000 rather thark = 1000. Note also that this metric aggregates
the data more than the average maximum deviation metric. doethe left-hand plot, we see that both the importance
sampling and MCMC methods are very close to the baselineecwivile the baseline, importance sampling, and MCMC
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curves are superimposed in the right-hand plot. Aeest curve also shows good agreement with the baseline cutit

the problem density overwhelms this method. This indictitasthese three methods are indeed converging to the curve
corresponding to the exact ambiguity. It is quite interestio note that that failure of thie-best method does not occur
until after the empirical curve has begun to deviate fromlihseline curve, indicating that tlikebest method is viable
except for densities where the typical likelihood formidatis invalid.

Object Per-Sample Runtime
Count IS MCMC
5 221 x107°% [ 0.85 x 10°°
20 11.12x 107¢ | 1.03 x 10~°

Table 2. Average per-sample runtimes (seconds) for Montk@abiguity estimation methods.

We now turn our attention to runtime analysis of the three igoity estimation algorithms. Table 2 displays the
average time per-sample required to generate importangglsaand MCMC proposals for both thearget an@®0-target
cases. Note that while the average time required by the itapce sampler increased noticeably for2haarget case, the
average time required to generate an MCMC proposal remaiegdy constant. This occurs because our MCMC proposal
generator alters at most a single association for each npathgsis, whereas the independent samples generated by the
importance sampler require reevaluation of all assoaiatfor each new hypothesis.

Figures 4 and 5 plot average runtime against average maxitiewration for a fixed density. In both figures, the left-
hand plot corresponds to a normalized target spacifglofvhile the spacing for the right-hand plot is unity. Diffateun-
time and error combinations were generated by sweepingHest settings ovér € {10, 30, 100, 300, 1000, 3000, 10000} .
The importance samples sweep was, and MCMC proposals sweep wi30k. The results are clear for thetarget case
in Figure 4: Regardless of target spacihehest enumeration exhibits superior performance, whéeriportance sampler
is slightly better than MCMC. The0-target results in Figure 5 are more interesting. In thetrltgdnd plot, we again see
thatk-best enumeration maintains a solid advantage, while tpelitance sampler and MCMC are competitive, though the
importance sampler exhibits better performance at lowetimes. In the left-hand plot, the-best method can no longer
enumerate a sufficient number of hypotheses, resultingyimfsiant performance degradation. In contrast, the ingrae
sampler and MCMC remain effective.

In summary, it would appear that for small numbers of targbtsk-best method is uniformly superior, an advantage
that is maintained for larger numbers of targets down to anadired target spacing of slightly less than unity. Outside
of these conditions, either importance sampling or MCMC banused, though our results indicate somewhat better
performance for the importance sampler.
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4. CONCLUSIONS

We evaluated three different techniques for online estomabf association probabilities in multitarget trackinigrbest
enumeration, Markov Chain Monte Carlo, and importance $agnpWe used a variety of object count and density con-
figurations ranging from those that satisfied the assumptidrthe multitarget likelihood model typically used in data
association, to some that were very dense, with the moreuifftonfigurations allowing us to evaluate the sensitivity
of the algorithms to various operating conditions. Desfiteinherent combinatorial limitations;best enumeration had
the best runtime and accuracy performance throughout tigeraf densities commensurate with the typical multitarget
likelihood formulation. There was significant, but stegagrformance degradation only at target densities thahtgdhe
assumptions of the data association model. For very diffisoblems, the Monte Carlo techniques were superiéribest
enumeration; both the importance sampler and MCMC weretaldehieve arbitrarily accurate association probabditie
with reasonable computational effort. In our tests, thedrtgmce sampler required generation of fewer samples tiean t
MCMC approach, although the per-sample runtime was snfatédCMC and did not increase appreciably with problem
size. As the number of samples required for a given task &s&® it appears that MCMC performance may eventually
exceed that of the importance sampler. These results suilpgésdepending on desired accuracy, MCMC is appropriate
for problems involving large numbers of densely-spacegeta; while importance sampling is preferable for moderate
numbers of densely-spaced targets, or for larger numbéasgsts if they are not as densely spaced.
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